The standard approach to evaluate Hecke eigenvalues of a Siegel modular eigenform F is to determine a large number of Fourier coefficients of F and then compute the Hecke action on those coefficients. We present a new method based on the numerical evaluation of F at explicit points in the upper-half space and of its image under the Hecke operators. The approach is more efficient than the standard method and has the potential for further optimization by identifying good candidates for the points of evaluation, or finding ways of lowering the truncation bound. A limitation of the algorithm is that it returns floating point numbers for the eigenvalues; however, the working precision can be adjusted at will to yield as close an approximation as needed.
Introduction
The explicit computation of classical modular forms and their associated L-functions has been very useful to formulate and verify conjectures, to discover new phenomena and to prove theorems. There are a variety of ways to effectively compute the Fourier coefficients of classical modular forms and, therefore, their L-functions. Analogous work for Siegel modular forms of degree two is less well-developed for, perhaps, two main reasons:
1. the methods for computing Siegel modular forms are ad hoc and less efficient than those for computing classical modular forms;
2. computing Siegel modular forms does not immediately give you the associated Lfunctions since the Hecke eigenvalues of Siegel modular forms, unlike in the classical case, are not equal to the Fourier coefficients and because the Euler factors of the L-function involve knowing both the pth and the p 2 th eigenvalues.
To give an idea of the difficulty of computing the L-function of a Siegel modular form, we consider an example. Let Υ 20 be the unique normalized Siegel modular form of degree 2 and weight 20 that is a Hecke eigenform and not a Saito-Kurokawa lift. Skoruppa [13] gave an explicit formula for Υ 20 in terms of the generators of the ring of Siegel modular forms of degree 2 and the largest calculation of Υ 20 has been carried out by Kohnen and Kuss [7] (we point out that Kurokawa [9, 10] was the first to compute Υ 20 but his computations were not very extensive). The computation that Kohnen and Kuss carried out was enough to find the pth eigenvalue for p ≤ 997 and the p 2 th eigenvalue for p ≤ 79. They compute Fourier coefficients indexed by quadratic forms with discriminant up to 3000000 and then use them to determine the Hecke eigenvalues. An examination of the formulas on page 387 of [13] shows that to find the eigenvalue λ(n) of T n , for n = p 2 , requires the Fourier coefficients indexed by quadratic forms of discriminant up to n 2 = p 4 . This relation makes it infeasible to compute many more Fourier coefficients, and thus Hecke eigenvalues, using this approach. Instead, in this paper, we propose a different approach.
Our method does not compute any of the Fourier coefficients of the Siegel modular form being studied. Instead, we take suitable truncations of the Fourier expansions of the Igusa generators (whose coefficients are inexpensive to compute) and use these truncations to evaluate our modular form numerically at points in the upper half space. This approach is based on work of Bröker and Lauter [3] in which they use such techniques to evaluate Igusa functions. Using their method we find the eigenvalue λ(p) of an eigenform F by doing the following:
• evaluate F at some point Z in the Siegel upper half-space;
• evaluate F |T p at the same point Z;
• take the ratio (F |T p )(Z)/F (Z).
The conceptual shift that we are proposing is that, instead of representing the Siegel modular form F as a list of Fourier coefficients, we represent F by its values at points in the Siegel upper half-space. The idea is simple but its importance can be seen by virtue of the results. We remark that in [2] we describe an implementation of the analogous method for classical modular forms and, in some cases, outperform the standard method using modular symbols.
The potential to parallelize our algorithm stems from the fact that we sum over the coset decomposition of the Hecke operators, and the computation of each summand is independent; these computations can therefore be performed in parallel. Such approaches have been used in the past, for instance in determining the Hecke eigenvalues of paramodular forms, see [12] . We thank the referees for pointing this out, and note that the similarity ends at the level of the sum itself: Poor and Yuen specialize the paramodular eigenform to a modular curve, then compute the summands (which are power series in one variable) exactly. We work with the Siegel eigenform itself (as a power series in three variables) and compute good numerical approximations to the summands.
It is important to emphasize that our method takes as input the expression of a Siegel eigenform as a polynomial in the Igusa generators. Our objective is then to efficiently compute approximate values of the Hecke eigenvalues. We do not claim to obtain further information about the Fourier coefficients of the eigenform, nor that this is an efficient way of determining the exact value of the eigenvalues (unless the latter happen to be integers).
The paper is organized as follows. We begin by stating some numerical preliminaries used in our method. Then, we give the relevant background on Siegel modular forms and discuss Bröker and Lauter's work and how to compute F |T p both in theory and in practice. We conclude by presenting some results of our computations, together with details of the implementation and ideas for further improvement.
Numerical preliminaries
Before we describe our algorithm to compute Hecke eigenvalues of Siegel modular forms analytically, we begin by stating some results related to bounding the error introduced when we evaluate a given Siegel modular form and its image under the Hecke operators T p and T p 2 at a point in the upper half-plane.
Error in quotient
We have a quantity defined as z = x y with x, y ∈ C.
The numerator and denominator can be approximated to x A , resp. y A ; we define z A := 
Proof. Straightforward calculation.
Proposition 2. For any h ∈ (0, 1), if
Proof. Under the hypotheses, we have |y A + e y | > |y A |/2 so
The value of the parameter h can be chosen in such a way that the calculations of x A and of y A are roughly of the same level of difficulty.
In order to use the results of Proposition 2 in practice, we need a lower bound on |y A | and an upper bound on |z A | (which can be obtained from the lower bound on |y A | and an upper bound on |x A |). How do we bound |x A |? We compute a very coarse estimatex to x, withε x just small enough that |x| − 2ε x > 0. (We can start withε x = 0.1 and keep dividing by 10 until the condition holds.) Later we will make sure that ε x is smaller thañ ε x . Then we know that |x − x| <ε x and |x A − x| < ε x ≤ε x ,
giving us lower and upper bounds on |x A |. A similar argument works for |y A |.
Siegel modular forms
Let the symplectic group of similitudes of genus 2 be defined by GSp(4) := {G ∈ GL(4) :
Let Sp(4) be the subgroup with λ(G) = 1. The group GSp + (4, R) := {G ∈ GSp(4, R) : λ(G) > 0} acts on the Siegel upper half space
k be the space of holomorphic Siegel cusp forms of weight k, genus 2 with respect to Γ (2) 
This also can be written in terms of the slash
Then the functional equation satisfied by a Siegel modular form can be written as:
Now we describe the Hecke operators acting on S
For a positive integer m, we define the Hecke operator T m by
See Section 5.1 for an explicit decomposition of the double cosets T p and T p 2 into right cosets. Suppose
is a right coset decomposition of the Hecke operator T m . Then the operator T m acts on a Siegel modular form F of weight k as
This action can be described in terms of the Fourier coefficients of the Siegel modular form F . Any Siegel modular form F of degree 2 has a Fourier expansion of the form A bottleneck to computing such a large number of coefficients is the fact that there is no known way to compute individual coefficients in parallel. The determination of a single Fourier coefficient requires knowledge of many other Fourier coefficients. Our method, described above, has approximately the same number of steps to compute a new Hecke eigenvalue but these steps, in our method, are easily done in parallel.
Evaluating Hecke eigenforms 4.1 Bounds on the coefficients of the Igusa generators
Proposition 3. Let E 4 , E 6 , χ 10 and χ 12 denote the Igusa generators of the ring of evenweight Siegel modular forms of genus 2 with respect to Sp(4, Z).
We have the following bounds on the Fourier coefficients of these forms:
where the last two hold for any ε > 0, t = Tr(N ), and the function A(ε, s) is defined by
Proof. It follows directly from [3, Corollary 3.6 and Remark 3.7] that
The second two inequalities follow from [3, Theorem 5.10] with γ = η = ε/3.
Remark 4. The bounds for χ 10 and χ 12 in Proposition 3 allow for further optimization by choosing the parameter ε appropriately. Considering χ 10 , the factor t 9+ε is of course dominant as t → ∞, but choosing ε as small as possible is counterproductive for practical computations, as the factor A(ε, 9) explodes for small ε.
In our computations, we use ε = 2, so the bounds can be summarized as:
|a N (χ 10 )| < 220 439 t 11 , |a N (χ 12 )| < 287 248 t 13 ,
where t = Tr(N ).
The truncation error for Siegel modular forms
Let F be a Siegel modular form of degree 2, with Fourier expansion
Given a positive integer T , we will truncate the Fourier expansion of F by considering only those indices N whose trace is at most T :
Lemma 5. For any t ∈ N, the number of Fourier indices of trace t satisfies
Proof. We have
1 + 2 2 a(t − a) .
There are t + 1 terms in the sum, and the largest corresponds to a = t/2 (or a = (t − 1)/2 if t is odd). In any case, every term in the sum is at most 1 + 2t.
Suppose we have, like in Proposition 3, an upper bound on the Fourier coefficients of F :
where C ∈ R >0 , d ∈ N and t = Tr(N ).
We are interested in bounding the gap between the true value F (Z) and its approximation F T (Z).
Proposition 6. Suppose F is a Siegel modular form of degree two whose Fourier coefficients satisfy Equation (3), Z ∈ H 2 and we wish to approximate the value F (Z) with error at most 10 −h . It is then sufficient to use the truncation F T (Z) containing all terms of the Fourier expansion of F with indices of trace at most T , where
and α(Z) = 2πδ(Z).
Proof. Using [3, Lemma 6.1], we have
where the last inequality holds if T is in the half-infinite interval on which the integrand is decreasing (i.e. T > (d + 2)/α(Z)).
Example 7. We determine T sufficient for computing E 4 (Z) within 10 −20 at the point z = 5i i i 6i .
We have α(Z) = 27.5327 so we are looking for T such that
which is easily seen (numerically) to hold as soon as T ≥ 3.
We proceed similarly to obtain the values in Table 1 .
T error E 4 E 6 χ 10 χ 12 10 −10 2 2 2 2 10 −20 3 3 3 3 10 −100 10 10 10 11 10 −1000 86 86 87 87 Table 1 : Truncation necessary for computing F (Z) within specified error
Our method
As described above, our method is rather straightforward. We fix a Z ∈ H 2 and evaluate F (Z), using methods in Section 4. Consider the double coset T p = Γ (2) α and its action on F :
What is left to do, then, is, for α in the decomposition, to compute (F | k α) (Z). That is, to be able to write α as A B C D and to be able to evaluate
In Section 5.1 we present the desired decompositions for the Hecke operators T p and T p 2 and we use the methods of Section 4 to evaluate the Siegel modular form at the points (AZ + B)(CZ + D) −1 ∈ H 2 .
Hecke action
Hecke operators are defined in terms of double cosets ΓM Γ and the action of such an operator is determined by the right cosets that appear in the decomposition of these double cosets. For a prime p we consider the double coset
An explicit version of a formula, due to Andrianov, for the right cosets that appear in the decomposition of T p , is given by Cléry and van der Geer:
Proposition 8. Thus, in particular, in order to find λ p , then, p 3 + p 2 + p + 1 independent evaluations of our Siegel modular form F at points in H 2 are required. This is why our method is so amenable to parallelization.
Similarly, for a prime p define the operator T p 2 as a sum of double cosets:
Again, based on a result of Andrianov, Cléry and van der Geer give an explicit decomposition of the operator T p 2 : Proposition 9. [1, 5] The Hecke operator T p 2 has degree p 6 + p 5 + 2p 4 + 2p 3 + p 2 + p + 1 and admits a known explicit left coset decomposition.
One can do better, however; we can reduce the number of summands at which we need to evaluate F to be O(p 4 ) instead of O(p 6 ) by using some standard facts about the Hecke algebra for Siegel modular forms of degree 2. The Hecke operator T p 2 is itself a linear combination of three double cosets:
, and
The decomposition in Proposition 9 is itself the (disjoint) sum of the decomposition of three double cosets T p 2 ,0 , T p 2 ,1 and T p 2 ,2 .
The p-part of the Hecke algebra is generated by the operators T p , T p 2 ,0 and T p 2 ,1 and, in fact, in [8, 16] , it is shown that
To determine the eigenvalue λ p 2 (F ) for F ∈ S (2) k with respect to the Hecke operator T p 2 , using Proposition 8, we first find the eigenvalue λ p (F ) for the operator T p . Then, we find the eigenvalues λ p 2 ,0 (F ) (known to be p −2k by the definitions in Section 3) and the eigenvalue λ p 2 ,1 (F ) for the operator T p 2 ,1 . Then using (5) we can find the eigenvalue λ p 2 ,2 (F ) for the operator T p 2 ,2 . Putting it all together, then, all we need is an explicit decomposition of T p 2 ,1 into left cosets, in order to compute λ p 2 (F ).
Proposition 10 ([1]
). The Hecke operator T p 2 ,1 admits the following left coset decomposition:
and not all zero
Thus the degree of T p 2 ,1 is p 4 + p 3 + p 2 + p.
Remark 11. In the Introduction, we discussed the difficulty of computing λ p 2 (F ) using the action of T p 2 on the coefficients of the eigenform F . One might ask whether if we could more efficiently compute λ p 2 (F ) using the action of T p 2 ,1 on F as described in Proposition 10 and (5). It turns out, though, that one still would require coefficients up to discriminant p 4 using T p 2 ,1 and (5).
Some computations and implementation details
We describe some sample computations involving the eigenform of smallest weight that is not a lift from lower rank groups, namely the cusp form Υ 20 mentioned in the introduction:
. As a gauge of the performance of the algorithm, we compared the timings to those required by the implementation [15] of the standard method 1 by Sho Takemori.
1 The only other publicly-available implementation we are aware of is [4] . We did not compare against it for two reasons: (a) at the moment, the computation of the Hecke image appears to be incorrect for primes that are congruent to 1 mod 4 and (b) it uses Cython for the most expensive part of the computation, namely the multiplication of the q-expansions. Since both our code and S. Takemori's are pure Python, we deemed this to be a more useful comparison of the two algorithms.
We implemented the method described in this paper in SageMath [14] ; this implementation is available at [6] . The benchmarks described below were performed using a single core of a Linux machine with an i7-6700 CPU at 3.40GHz and 64GB of RAM, via the following helper functions: Table 2 : Benchmarks comparing the numerical and standard algorithms for computing the Hecke eigenvalues of Υ 20 . The timings are rounded to the nearest second. The working precision was chosen so that the eigenvalue is the closest integer to the computed floating point number.
For the standard algorithm, the most expensive step appears to be the multiplication of the q-expansions of the Igusa generators. In the case of our numerical algorithm, the majority of the time is spent evaluating truncations of the q-expansions of the Igusa generators at various points in the Siegel upper half space. These functions are polynomials in the variables q 1 , q 2 , q 3 and q −1 3 , where
To evaluate such functions efficiently at a large number of points, we implemented an iterative version of Horner's method; to illustrate what is involved, here is how the truncation of the Igusa generator χ 10 at trace up to 3 is evaluated:
Many of the partial evaluations are repeated for different summands of the expression for the Hecke operators. We take advantage of this phenomenon by caching the results of evaluations of polynomials in q 3 and q −1
3 . All the operations are performed using interval arithmetic (via the ComplexIntervalField available in Sage). While this introduces a small overhead, it frees us from having to keep track of precision loss due to arithmetic operations (and evaluations of the complex exponential function). Sage gives the final approximation of the Hecke eigenvalue in the form 1.0555282184708004141101491800000000000000?e27 + 0.?e-13*I from which we observe that the answer is most likely the integer 1055528218470800414110149180 which is indeed λ 29 (Υ 20 ). The question mark in the floating point number indicates that the last decimal may be incorrect due to rounding errors (but all preceding decimals are guaranteed to be correct).
There are certainly many variants of our choices that deserve further scrutiny and may lead to improved performance. Here are some of the more interesting ones:
• For computing the eigenvalue λ p , we chose to focus on the initial evaluation point
where the parameter y 11 is (at the moment) determined by trial and error. The optimal values of y 11 for Υ 20 and small p are listed in the second column of Table 2 . We note that the dependence of this optimal y 11 on p appears to be linear in log(p).
The choice of Z is significant for another reason: the fact that Z is a "purely imaginary matrix" gives an extra symmetry that allows to reduce the number of overall computations by almost a factor of 2. Note that the timings listed in Table 2 do not incorporate this optimization.
• Our experiments indicate that computing the value of λ p accurately using the choice of point Z described above requires truncating the q-expansions of the Igusa generators at trace up to 2p. It would be very interesting to see if this trace bound can be lowered; even a small improvement in the trace can reduce the computation time significantly. We have observed such phenomena in the case of classical modular forms (treated in [2] ).
Summary of further computations
We performed similar numerical experiments with the following forms:
Υ 22 = 61E 3 4 χ 10 − 30E 4 E 6 χ 12 + 5E
These have in common that they are all "interesting" forms (Skoruppa's terminology and notation), not arising as lifts from lower rank groups. They also all have rational coefficients (and are very likely the only rational "interesting" forms in level one).
As we can see in Table 3 , while the standard method slows down rapidly with the increase in the weight, the numerical method seems unaffected by the weight (in this range). Table 3 : Benchmarks comparing the numerical and standard algorithms for computing the Hecke eigenvalue λ 23 of the rational "interesting" eigenforms. The timings are rounded to the nearest second.
As we increase the weight further, we encounter "interesting" eigenforms defined over number fields of increasing degree. Our implementation treats these in the same way as the rational eigenforms; the algebraic numbers appearing in the expression of an eigenform as a polynomial in the Igusa generators are first embedded into the ComplexIntervalField with the working precision, and the computations are then done exclusively with complex intervals.
We illustrate this with a number of examples from the L-functions and Modular Forms Database (LMFDB [11] ): Υ 28 , Υ 30 , . . . , Υ 56 , contributed by Nils-Peter Skoruppa. These are representatives of the unique Galois orbit of "interesting" Siegel modular eigenforms of level one and weights given by the indices. We computed the integer closest to the eigenvalues λ 2 , λ 3 , . . . , λ 11 of these forms and verified the results against Sho Takemori's implementation. 2 The timings for λ 11 appear in Table 4 . We note once again that the change in weight has only a very minimal effect on the timings for the numerical approach. The degree of the number field over which each eigenform is defined varies from 3 for Υ 28 to 29 for Υ 56 . 
